Abstract The boundary layer flow of a viscous incompressible fluid toward a porous nonlinearly stretching sheet is considered in this analysis. Velocity slip is considered instead of no-slip condition at the boundary. Similarity transformations are used to convert the partial differential equation corresponding to the momentum equation into nonlinear ordinary differential equation. Numerical solution of this equation is obtained by shooting method. It is found that the horizontal velocity decreases with increasing slip parameter.
Introduction
The study of hydrodynamic flow and heat transfer over a stretching sheet has gained considerable attention due to its applications in industries and important bearings on several technological processes. Crane [1] investigated the flow caused by the stretching of a sheet. Many researchers such as Gupta and Gupta [2] , Dutta et al. [3] , and Chen and Char [4] extended the work of Crane [1] by including the effect of heat and mass transfer analysis under different physical situations. On the other hand, Gupta and Gupta [5] stressed that realistically stretching surface is not necessarily continuous. Most of the available literature deals with the study of boundary layer flow over a stretching surface where the velocity of the stretching surface is assumed linearly proportional to the distance from the fixed origin. However, it is often argued that (Gupta and Gupta [5] ) realistically stretching of plastic sheet may not necessarily be linear. This situation was beautifully dealt by Kumaran and Ramanaiah [6] in their work on boundary layer fluid flow where, probably first time, a general quadratic stretching sheet has been assumed. Recently, various aspects of such problem have been investigated by many authors [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] .
Ali [21] has investigated the thermal boundary layer flow by considering the nonlinear stretching surface. A few years later, Magyari and Keller [22] also focused on heat and mass transfer on boundary layer flow due to an exponentially continuous stretching sheet.
Extension to that, Elbashbeshy [23] added new dimension to the study of Ali [21] on exponentially continuous stretching surface. Vajravelu [24] and Vajravelu and Cannon [25] also considered the flow over a nonlinear stretching sheet. Khan [26] and Sanjayanand and Khan [27] studied the viscous-elastic boundary layer flow and heat transfer due to an exponentially stretching sheet. Later, Sajid and Hayat [28] considered the influence of thermal radiation on the boundary layer flow due to an exponentially stretching sheet by solving the problem analytically via homotopy analysis method (HAM). Akyildiz et al. [29] consider the velocity u = cx n at y = 0, which was employed for positive odd integer values of n. It is clear that such a profile would fail for even integer values of n, as the flow at y = 0 would be in the wrong direction in the case of À1 < x < 0 (see Van Gorder and Vajravelu [30] ). With the help of the modification provided in Van Gorder and Vajravelu [30] , one can account for any values of n P 1, even nonintegers. This allows to consider a more general nonlinear power-law stretching of the sheet.
All the above mentioned studies continued their discussions by assuming the no-slip boundary conditions. The non-adherence of the fluid to a solid boundary, also known as velocity slip, is a phenomenon that has been observed under certain circumstances (Yoshimura and Prudhomme [31] ). Recently, many researchers (Wang [32] , Andersson [33] , Ariel et al. [34] , Ariel [35] , and Abbas et al. [36] , etc.) investigated the flow problems taking slip flow condition at the boundary. A new dimension is added to the above mentioned study by considering the effects of partial slip at the stretching wall.
Suction or injection (blowing) of a fluid through the bounding surface can significantly change the flow field. In general, suction tends to increase the skin friction, whereas injection acts in the opposite manner. Injection or withdrawal of fluid through a porous bounding wall is of general interest in practical problems involving boundary layer control applications such as film cooling, polymer fiber coating, and coating of wires. The process of suction and blowing has also its importance in many engineering activities such as in the design of thrust bearing and radial diffusers and thermal oil recovery. Suction is applied to chemical processes to remove reactants. Blowing is used to add reactants, cool the surface, prevent corrosion or scaling, and reduce the drag.
Since no attempt has been made to analyze the effects of partial slip on boundary layer flow over a nonlinearly stretching surface with suction or injection, so it is considered in this article. Using similarity transformation, a third order ordinary differential equation corresponding to the momentum equation is derived. Using shooting method, numerical calculations up to desired level of accuracy were carried out for different values of dimensionless parameters of the problem under consideration for the purpose of illustrating the results graphically. The results obtained are then compared with those of Van Gorder and Vajravelu [30] who reported the results for some special case of the present study. The analysis of the results obtained shows that the flow field is influenced appreciably by the slip parameter in the presence of suction/injection at the wall. Estimation of skin friction which is very important from the industrial application point of view is also not presented in their analysis. It is hoped that the results obtained will not only provide useful information for applications, but also serve as a complement to the previous studies.
Equations of motion
Consider the flow of an incompressible viscous fluid past, a flat sheet coinciding with the plane y = 0. The flow is confined to y > 0. Two equal and opposite forces are applied along the xaxis, so that the wall is stretched keeping the origin fixed. The continuity, momentum equations governing such type of flow are written as follows:
where u and t are the components of velocity, respectively, in the x and y directions, m ¼ l q
is the kinematic viscosity, q is the fluid density (assumed constant), and l is the coefficient of fluid viscosity.
Boundary conditions
It is well known that polymer melts often exhibit macroscopic wall slip and that in general is governed by a nonlinear and monotone relation between the slip velocity and the traction (Abel et al. [37] ). According to Gad-el-Hak [38] , velocity slip is assumed to be proportional to local shear stress.
The appropriate boundary conditions for the problem are given by
is the velocity slip factor which changes with x, and N 1 is the initial value of velocity slip factor. The no-slip case is recovered for N = 0. V(x) > 0 is the velocity of suction and V(x) < 0 is the velocity of blowing,
2 ; a special type of velocity at the wall is considered. V 0 is a constant.
Method of solution
Introducing the similarity variables as
and upon substitution of (5) in Eqs. (2)- (4), the governing equations and the boundary conditions reduce to
where the prime denotes differentiation with respect to g, 
Numerical method for solution
The above Eq. (6) along with boundary conditions is solved by converting them to an initial value problem. We set
with the boundary conditions fð0Þ ¼ S; f 0 ð0Þ
In order to integrate (9) as an initial value problem, one requires a value for p(0) i.e. f 00 ð0Þ but no such value is given at the boundary. The suitable guess value for f 0 ð0Þ is chosen, and then, integration is carried out. Comparing the calculated value for f 0 at g = 10 (say) with the given boundary condition f 0 ð10Þ ¼ 0 and adjusting the estimated value, f 00 ð0Þ, a better approximation for the solution is given.
Taking the series of values for f 00 ð0Þ; and applying the fourth order classical Runge-Kutta method with step-size h = 0.01, the above procedure is repeated until the result up to the desired degree of accuracy (10 À5 ) is obtained.
Results and discussion
In order to analyze the results, numerical computation has been carried out using the method described in the previous section for various values of the nonlinear stretching parame- Let me first concentrate on the effects of nonlinear stretching parameter M on velocity distribution and shear stress profiles in case of no-slip condition at the boundary and in the absence of suction/blowing. In Fig. 1b , horizontal velocity profiles are shown for different values of M (M = 0.1, 0.5, 1, 3). The horizontal velocity curves show that the rate of transport decreases with the increasing distance (g) of the sheet. In all cases, the velocity vanishes at some large distance from the sheet (at g = 6). The velocity curves show that the rate of transport is considerably reduced with increasing values of M. Further, the decrease in f 0 (g) is almost negligible for large M, as the coefficient 2M/(M + 1) in the differential Eq. (6) approaches 2 as M approaches infinity. (Figs. 2a and 3a) . This feature prevails up to certain heights, and then, the process is slowed down and at a far distance from the wall it increases slightly. When slip occurs, the flow velocity near the sheet is no longer equal to the stretching velocity of the sheet. With the increase in B, such slip velocity increases, and consequently, fluid velocity decreases because under the slip condition, the pulling of the stretching sheet can be only partly transmitted to the fluid. It is noted that B has a substantial effect on the solutions.
Figs. 2b and 3b exhibit that initially, the shear stress f 00 ðgÞ increases with the increasing values of velocity slip parameter B in the absence of suction (S = 0) for both linear and nonlinear stretching sheet, respectively. B = 0 corresponds to the no-slip case.
Figs. 4a and 4b represent the velocity and shear stress profiles for variable suction parameter S for linear stretching sheet in the absence of slip (i.e. for no-slip case). It is seen that velocity decreases with increasing suction parameter, whereas the shear stress decreases initially with the suction parameter S, but it increases after a certain distance g from the sheet. Far away from the wall, such feature is smeared out. It is observed that when the wall suction (S > 0) is considered, this causes a decrease in the boundary layer thickness and the velocity field is reduced. However, opposite behavior is noted if wall injection (S < 0) is considered.
Figs. 5a and 5b depict the effects of suction parameter S on velocity and shear stress profiles, respectively, in presence of slip at the boundary for nonlinearly stretching sheet. It is observed that velocity decreases significantly with increasing suction parameter, whereas the shear stress decreases initially with the suction parameter S, but it increases significantly after a certain distance g from the sheet. S = 0 represents the case of non-porous stretching sheet. Fig. 6a exhibits the nature of skin-friction coefficient ½Àf 00 ð0Þ with nonlinearly stretching parameter M for slip (B = 0.6) and no-slip (B = 0) cases. It is found that skin-friction coefficient ½Àf 00 ð0Þ increases with M whereas decreases in presence of slip at the boundary. Fig. 6b presents the behavior of skin-friction coefficient ½Àf 00 ð0Þ with nonlinearly stretching parameter M for porous (S = 1) and non-porous (S = 0) stretching sheet. Skin friction increases with suction. Fig. 6c displays the profiles for skin-friction coefficient ½Àf 00 ð0Þ against suction parameter S for nonlinearly stretching sheet for two values of slip parameter B. Skin-friction coefficient decreases with slip and increases with suction.
Conclusions
The present study gives the numerical solutions for steady boundary layer flow over a nonlinearly stretching surface in presence of partial slip at the boundary. The rate of transport is considerably reduced with increasing values of nonlinearly stretching parameter. The effect of suction parameter on a viscous incompressible fluid is to suppress the velocity field which in turn causes the enhancement of the skin-friction coefficient. The results pertaining to the present study indicate that due to slip, velocity decreases.
It is hoped that the physics of flow over the stretching sheet can be utilized as the basis for many engineering and scientific applications with the help of the present model. The results pertaining to the present study may be useful for the different model investigations. The findings of the present problem are also of great interest in different areas of science and technology where the surface layers are being stretched.
